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Abstract
We derive thermal Lie superalgebras motivated by thermofield
dynamics (TFD) formalism. Particularly, we construct the thermal
Poincare´ superalgebra. The operators in TFD are defined through
the doubling of the degrees of freedom of the system and it can be
related to Hopf algebras. In this way we explore the notion of quan-
tum group associated with these superalgebras and we show the non-
commutativity in this thermal scenario. Furthermore, the thermal
M-superalgebra is also derived from TFD prescription
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1 Introduction
Supersymmetric superalgebras are pivotal tools in the construction of a su-
persymmetric theory, relating bosons and fermions [1, 2, 3]. Supersymmetry
is described by Lie superalgebras [4] that contains generators in the spinor
representation of the space-time symmetry group [5]. Of particular interest
is the Poincare´ SUSY algebra, a non trivial extension of Poincare´ algebra.
Specifically, it is a Z2-graded vector space equipped with a graded Lie bracket
in which the even part contains the Poincare´ algebra and the odd part cor-
responds to spinors. Poincare´ SUSY algebra is crucial in superstring theory
and M-theory [6, 7, 8, 9, 10].
In the superstring theory, a TFD approach has been developed to con-
struct thermal superstring and to calculate their thermodynamical properties
[11]. In this way, thermal effects on the supersymmetry break can be ana-
lyzed. Thermofield Dynamics is a real operator field theory at finite temper-
ature [12]. Thermal field theories can be analyzed via w*-algebras resulting
in the doubled Tomita-Takesaki representation related to structural elements
of thermofield dynamics [13]. Let π(A) be a Tomita-Takesaki representation
of w*-algebra A on a Hilbert space H and σ : H → H antilinear isometry
with σ2 = 1 [13, 14, 15, 16]. Thus [13]
σπω(A)σ = π˜ω(A, ) (1)
where ω is a state (GNS construction [16]) on the w*-algebra A, define an
*-anti-isomorphism such that
[πω(A), π˜ω(A)] = 0. (2)
TFD formalism is based on algebraic structure with operators defined by
a doubling of the degrees of the freedom of the system, called the tilde (∼)
conjugation rules (there is also a doubling of Hilbert space of the system).
This leads a notion of thermal Lie algebra [17] related to aforementioned
w*-algebra. The meaning of Lie algebras was discussed in [12]. Particularly,
the thermal Lie-Poincare´ algebra was derived in [13].
In this work we will explore the notion of thermal algebras in the context
of supersymmetry. Supersymmetric algebras in four and eleven dimensions
will be investigated in a thermal scenario. In addition we will also investigate
structure of Hopf algebras [18, 19, 20] in four dimensions. A motivation is the
interest in noncommutative spaces [22] related to brane solutions in M-theory
[23, 24].
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The paper is organized as follows. In section 2 we consider the ther-
mal Poincare´ superalgebra and its associated Hopf algebra. In Section 3 we
presented the thermal M-superalgebra from tilde operators and Section 4
contains the conclusions.
2 Thermal Lie-Poincare´ superalgebra
In TFD formalism we have a doubling of Hilbert space H⊗ H˜. The operatos
Oi on the H⊗ H˜ must satisfy the following tilde conjugation rules [12]:
(OiOj)
∼ = O˜iO˜j
(Oi + αOj)
∼ = O˜i + α
∗O˜j
(O†)∼ = (O˜)†˜˜
O = O[
Oi, O˜j
]
= 0. (3)
Let Ai, A˜j be generators of a representation of Lie algebra on the Hilbert
space H⊗ H˜. Then, we have [12]:
[Ai, Aj ] = iC
k
ijAk[
A˜i, A˜j
]
= −iCkijA˜k[
A˜i, Aj
]
= 0. (4)
Following the references [12, 17] with definition of hat operators Â =
A− A˜, it is easy verify that
[Ai, Aj] = C
k
ijAk[
Âi, Âj
]
= CkijÂk[
Âi, Aj
]
= CkijAk.
The thermal Lie-Poincare´ algebra is given by [12, 17]:
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[Pµ, Pν ] = 0
[Mµν ,Mσρ] = −i(ηµσMνσ − ηνρMµσ + ηµσMρν − ηνσMρν)
[Mµν , Pσ] = i(ηµσPµ − ησ,µPν)[
P̂µ, P̂ν
]
= 0[
M̂µν , M̂σρ
]
= −i(ηµσM̂νσ − ηνρM̂µσ + ηµσM̂ρν − ηνσM̂ρν)[
M̂µν , P̂σ
]
= i(ηµσP̂µ − ησ,µP̂ν)[
P̂µ, Pν
]
= 0[
M̂µν ,Mσρ
]
= −i(ηµσMνσ − ηνρMµσ + ηµσMρν − ηνσMρν)[
M̂µν , Pσ
]
= i(ηµσPµ − ησ,µPν),
where Pµ stands for the generators of translation, Mµν are generators of
rotations, ηµν is such that diag(ηµν) = (1,−1,−1,−1) and ηµν = 0 for µ 6= ν,
where µ, ν = 0, 1, 2, 3. The Poincare´ superalgebra is given by [1]
{Qa, Qb} = −2(γ
µC)abPµ
{Qa, Qb} = −2(C
−1γµ)abPµ
{Qa, Qb} = 2(γ
µ)abPµ
[Pµ, Qa] = 0
[Mµν , Qa] = −(σ
4
µν)abQb
[Pµ, Pν ] = 0
[Mµν ,Mρσ] = −i(ηµρMνρ − ηνσMµρ + ηµρMσν − ηνρMσν)
[Mµν , Pρ] = −i(ηµρPµ − ηρ,µPν),
where σ4µν =
i
4
[γµ, γν] with indices a e b run from 1 to 4, γµ are Dirac
matrices, Qa are Majorana spinors (spinor charge). In order to get to thermal
Poincare´ superalgebra we derive based on previous prescription, the following
additional relations
{Q̂a, Q̂b} = −2(γ
µC)abP̂µ
{Q̂a, Q̂b} = −2(C
−1γµ)abP̂µ
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{Q̂a, Q̂b} = 2(γ
µ)abP̂µ[
P̂µ, P̂ν
]
= 0[
M̂µν , M̂ρσ
]
= −i(ηµρM̂νρ − ηνσM̂µρ + ηµρM̂σν − ηνρM̂σν)[
M̂µν , P̂ρ
]
= −i(ηµρP̂µ − ηρ,µP̂ν)
{Q̂a, Qb} = −2(γ
µC)abPµ[
P̂µ, Qa
]
= 0[
M̂µν , Qa
]
= −(σ4µν)abQb[
M̂µν ,Mρσ
]
= −i(ηµρMνρ − ηνσMµρ + ηµρMσν − ηνρMσν)[
M̂µν , Pρ
]
= −i(ηµρPµ − ηρ,µPν).
It is possible to express the thermal supersymmetric extension of the Poincare´
Algebra in two-component Weyl formulation resulting in
{Qα, Qβ˙} = 2σ
µ
αβ˙
Pµ
[Pµ, Qα] = 0[
Pµ, Qα˙
]
= 0[
Mµν , Q
α˙
]
= i(σµν)
β
αQβ[
Mµν , Q
α˙
]
= i(σµν)
β
αQβ
{Q̂α, Q̂β˙} = 2σ
µ
αβ˙
P̂µ[
P̂µ, Q̂α
]
= 0[
P̂µ, Q̂α˙
]
= 0[
M̂µν , Q̂
α˙
]
= i(σµν)
β
αQ̂β[
M̂µν , Q̂
α˙
]
= i(σµν)
β
αQ̂β
{Q̂α, Qβ˙} = 2σ
µ
αβ˙
Pµ[
P̂µ, Qα
]
= 0
4
[
P̂µ, Qα˙
]
= 0[
M̂µν , Q
α˙
]
= i(σµν)
β
αQβ[
M̂µν , Q
α˙
]
= i(σµν)
β
αQβ.
The other relations are analogous to the previous case. Analogously to the
reference [22] we can construct a Z2-graded Hopf algebra H with the graded
tensor product (a ⊗ b)(c ⊗ d) = (−1)|b||c|(ac ⊗ bd), where a, b, c, d ∈ H and
| a |= 0 if a is fermionic and | a |= 1, if a is bosonic. The universal enveloping
thermal Poincare´ supealgebra becomes a Z2-Hopf algebra with the following
definitions: the multiplication m(x⊗y) = xy, m(x̂⊗ ŷ) = x̂ŷ; m(x̂⊗y) = x̂y,
coproduct ∆(x) = x⊗1+1⊗x, ∆(x̂) = x̂⊗1+1⊗ x̂; counit ǫ(x) = ǫ(x̂) = 0;
ǫ(1) = 1 and antipode S(x) = −x, S(x̂) = −x̂, S(1) = 1. For example,
∆({Q̂α, Qβ˙}) = 2σαβ˙(Pµ ⊗ 1 + 1⊗ Pµ)
= ∆(2σαβ˙Pµ)
= ∆(Q̂α)∆(Qβ˙) + ∆(Qβ˙)∆(Q̂α).
Now we consider the thermal twist elements:
FT = exp
[
−
1
2
Kαβ(Qα ⊗Qβ + Q̂α ⊗ Q̂β)
]
, (5)
where Kαβ is a constant, that satisfies the conditions:
FT12(∆⊗ id)(F
T ) = FT23(id⊗∆)(F
T )
(ǫ⊗ id)(FT ) = (id⊗ ǫ)(FT ). (6)
After the twisting we have the deformed multiplication
mFT (vT ⊗ wT ) ≡ vT ⋆ wT
= m
(
(FT )−1 ⊲ (vT ⊗ wT )
)
, (7)
considering vT , wT ∈ VT ≡ V ⊕ VT a left module of H and ⊲ denotes the
action on VT . We can check that
h ⊲ (mFT (vT ⊗ wT )) = h ⊲ (mFT ((v + vˆ)⊗ (w + wˆ))
= h ⊲ (mFT (v ⊗ w)) + h ⊲ (mFT (v ⊗ ŵ))
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+h ⊲(mFT (v̂ ⊗ w)) + h ⊲ (mFT (v̂ ⊗ ŵ))
= mFT (∆(h)(F
T )−1 ⊲ (v ⊗ w)) +mFT (∆(h)(F
T )−1 ⊲ (v ⊗ ŵ))
+ mFT (∆(h)(F
T )−1 ⊲ (v̂ ⊗ w)) +mFT (∆(h)(F
T )−1 ⊲ (v̂ ⊗ ŵ))
= mFT (∆
FT (h) ⊲ (v ⊗ w)) +mFT (∆
FT (h) ⊲ (v ⊗ ŵ))
+ mFT (∆
FT (h) ⊲ (v̂ ⊗ w)) +mFT (∆
FT (h) ⊲ (v̂ ⊗ ŵ)), (8)
where ∆F
T
(h) = FT∆(h)(FT )−1. Note that FT may take the form FT =
fα ⊗ fα + f̂
α ⊗ f̂α
Thus we have that
θα ⋆ θβ = mFT (θ
α ⊗ θβ)
= 2θαθβ +K
αβ. (9)
Therefore
{θα, θβ}⋆ = 2K
αβ .
Analogously
[xµ, xν ]⋆ = K
αβσ
µ
αγ˙σ
µ
βδ˙
(θ
γ
θ
δ
+ θ̂
γ
θ̂
δ
)
= [x̂µ, xν ]⋆ = [x̂
µ, x̂ν ]⋆
[xµ, θα]⋆ = −2iK
αβσ
µ
βγ˙(θ
γ
+ θ̂
γ˙
)
= [x̂µ, θα]⋆ =
[
x̂µ, θ̂α
]
⋆
=
[
xµ, θ̂α
]
⋆
.
where we used that
Qα = i
∂
∂θα
− σµ
αβ˙
θ
β
∂µ
Q̂α = i
∂
∂θ̂α
− σµ
αβ˙
θ̂
β
∂µ̂.
Therefore, we have a deformation of the (anti)commutation relations for
the coordinates.
3 Thermal M-superalgebra
In M-theory, the M-superalgebra is given by [7, 8, 9]
{Q′r, Q
′
s} = (CΓµ)rsP
′µ + (CΓ[µν])rsZ
′µν + (CΓ[µ1...µ5])rsZ
′µ1...µ5, (10)
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where Z ′µν , Z ′µ1...µ5 are tensorial central charges related to p-branes and
Γ[µ1...µt] =
1
t!
∑
σ∈Sp
ǫ(σ)Γµσ(1) ...Γµσ(t), (11)
with ǫ(σ) stands for the signature of permutation σ and Sp is the symmetric
group. In order to perform TFD prescription we consider initially:
Qr = Q
′
r ⊗ 1, Q˜r = 1⊗Q
′
r
Qs = Q
′
s ⊗ 1, Q˜b = 1⊗Qα
P µ = P ′µ ⊗ 1, P˜ µ = 1⊗ P ′µ
Zµν = Z ′µν ⊗ 1, Z˜µν = 1⊗ Z ′µν
Zµ1...µ5 = Z ′µ1...µ5 ⊗ 1, Z˜ ′µ1...µ5 = 1⊗ Z ′µ1...µ5 (12)
so that
{Qr, Qs} = (CΓµ)rsP
µ + (CΓ[µν])rsZ
µν + (CΓ[µ1...µ5])rsZ
′µ1...µ5
{Q˜r, Q˜s} = (CΓµ)rsP˜
µ + (CΓ[µν])rsZ˜
µν + (CΓ[µ1...µ5])rsZ˜
′µ1...µ5
{Q˜r, Qs} = 0. (13)
Taking account that Q̂r = Qr− Q˜r and Q̂s = Qs− Q˜s we obtain the thermal
M-superalgebra
{Qr, Qs} = (CΓµ)rsP
µ + (CΓ[µν])rsZ
µν + (CΓ[µ1...µ5])rsZ
′µ1...µ5
{Q̂r, Q̂s} = (CΓµ)rsP̂
µ + (CΓ[µν])rsẐ
µν + (CΓ[µ1...µ5])rsẐ
µ1...µ5
{Q̂r, Qs} = (CΓµ)rsP
µ + (CΓ[µν])rsZ
µν + (CΓ[µ1...µ5])rsZ
µ1...µ5.
Analogously following [7, 8] we can construct the tilde operators of octonionic
M-superalgebra:
{Qr, Qs} = {Q
∗
r , Q
∗
s} = 0
{Qr, Q
∗
s} = P
µ(CΓµ)rs + Z
µν
O (CΓµν)rs
{Q˜r, Q˜s} = {Q˜
∗
r , Q˜
∗
s} = 0
{Q˜r, Q˜
∗
s} = P˜
µ(CΓµ)rs + Z˜
µν
O (CΓµν)rs
{Q˜r, Q
∗
s} = 0,
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where ∗ is the conjugation of octonions. Then we have that thermal octo-
nionic M-superalgebra
{Qr, Qs} = {Q
∗
r, Q
∗
s} = 0
{Qr, Q
∗
s} = P
µ(CΓµ)rs + Z
µν
O (CΓµν)rs
{Q̂r, Q̂s} = {Q̂
∗
r, Q̂
∗
s} = 0
{Q̂r, Q̂
∗
s} = P̂
µ(CΓµ)rs + Ẑ
µν
O (CΓµν)rs
{Q̂r, Q
∗
s} = P
µ(CΓµ)rs + Z
µν
O (CΓµν)rs
{Qr, Q̂
∗
s} = P
µ(CΓµ)rs + Z
µν
O (CΓµν)rs.
It is worth mentioning, as highlighted in [7] the spinors can be related to
octonionic-valued 4-component vectors. An octonionic formulation of M-
superalgebra has also been developed in [26].
4 Conclusions
We present thermal versions of some superalgebras: Poincare´ superalge-
bra and M-superalgebra. An quasitriangular Hopf algebra associated to Lie
Poincare´ superalgebra was derived in order to obtain non-commutative coor-
dinates through of Drinfeld twist. For the M-superalgebra, relations for the
tilde operator were presented in order to deduce the thermal version. A ex-
tension for octonionic superalgebra is also obtained. As perspectives, others
twist operators can be proposed as well as a phenomenological interpreta-
tion of these results. The structure of quasitriangular Hopf algebra related
to M-superalgebra is also a topic of interest and it is in progress.
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